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Abstract
We consider a class of quantum dissipative semigroup on a von-Neumann algebra which
admits a normal invariant state. We investigate asymptotic behavior of the dissipative
dynamics and their relation to that of the canonical Markov shift. In case the normal invariant
state is also faithful, we also extend the notion of ‘quantum detailed balance’ introduced by
Frigerio–Gorini and prove that forward weak Markov process and backward weak Markov
process are equivalent by an anti-unitary operator.
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1. Introduction
Let t ¼ ðtt; tX0Þ be a semigroup of identity preserving completely positive maps
on a von-Neumann algebraA0 acting on a separable Hilbert spaceH0 and f0 be an
invariant normal state for t: We consider the unique minimal reversible system,
constructed in [AM2], i.e. a triplet ðA; at;fÞ; where A is a von-Neumann algebra
acting on a Hilbert spaceH; (at; tAT ¼ R or Z) is a group of *-automorphism on
A and f is an invariant state for ðatÞ; so that the following diagram:
ðA;fÞ at- ðA;fÞ
jf0m kE0
ðA0;f0Þ tt- ðA0;f0Þ
2
64
3
75 ð1:1Þ
commutes for all tX0 where jf0 is an injective *-homomorphism and E0 is a
completely positive map. Moreover, there exists a group of unitary operators ðStÞ on
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H and a unit vector OAH so that StO ¼ O; fðX Þ ¼ /O; XOS and atðX Þ ¼
Snt XSt; 8tAR; XAA: Inspired by the classical notion ðStÞ will be referred as
Markov shift.
In case ðA0; tt;f0Þ is itself a reversible system, i.e. tt is also an endomorphism for
each tX0; thenA is isomorphic toA0 and ðatÞ is same as ðttÞ up to an isomorphism.
On the other hand, this dilation is indeed a generalization of Kolmogorov’s
construction of stationary Markov process in the non-commutative frame-work
[AM2,BP,Da2,EL], where weak Markov forward process ðjft : tARÞ is deﬁned by
jft ðxÞ ¼ atðjf0ðxÞÞ; 8xAA0: The family of increasing projections fjft ðIÞ : tATg is the
non-commutative counterpart of the ﬁltration generated by the process ðjft :
A0-A; tATÞ: Furthermore in case T ¼ R and the map t-ttðxÞ is weakn
continuous, then ðStÞ is also strongly continuous.
In this exposition we analyze asymptotic behavior of the weak Markov
process ðjft Þ: Since the minimal reversible process is uniquely determined by
the dynamical semigroup, it is expected that asymptotic behavior of ðjft Þ will be
related to that of ðttÞ: At this point we remark very few general results are
known which guarantees existence of a normal invariant state. For a discussion and
results on this issue we refer to [Da2,FR1,FR2]. For this exposition we assume
existence of a normal invariant state and explore how ergodicity, mixing (weak and
strong ) of ðStÞ is related with that of ðttÞ: We say the forward process is having
Kolmogorov shift or K-shift property if the tail subspace is trivial, i.e. jft ðIÞ-jOS/Oj
strongly as t-N: In particular, we prove that the process is having Kolmogorov
property if and only if f0ðttðxÞttðyÞÞ-f0ðxÞfðyÞ as t-N: This notion was
introduced in [AM2] and explored its relation with the canonical commutation
relation.
We investigate further the asymptotic behavior of the dynamical semigroup ðttÞ
and to that end we assume f0 to be also faithful. In a recent paper [FR3] Fagnola
and Rebolledo found a useful criteria which guarantees faithful property of an
invariant normal state in-terms of non existence of a non-trivial sub-harmonic
projections.
We revisit Frigerio’s [Fr] original work and introduce von-Neumann sub-
algebras F ¼ fxAA0 : ttðxnÞttðxÞ ¼ ttðxnxÞ; ttðxnÞttðxÞ ¼ ttðxxnÞ; tX0g and I ¼
fxAA0 : ttðxÞ ¼ x; tX0g: It is obvious ICF: We prove that the equalityF ¼ I is
a sufﬁcient condition for weakn limit ttðxÞ-EðxÞ as t-N for any xAA0; where E
is the norm on projection on the von-Neumann sub-algebra fx : ttðxÞ ¼ x; tX0g:
This is a little improvement of Frigerio’s [Fr] work and in particular it removes the
asymmetric feature of Frigerio’s original condition for strong mixing. In this
direction we added one important result which says how to get steady state which
need not be faithful. In this regard we ﬁnd the notion of sub-harmonic projection
introduced in [FR3] plays an important role.
It is simple to note that any measure preserving strongly mixing ﬂow does
not satisfy this condition, thus this sufﬁcient condition is not a necessary one for
the shift ðStÞ to be strong mixing. Since fxAA0 : ttðxnÞttðxÞ ¼ ttðxnxÞ : tX0g ¼ C
is a necessary condition for Kolmogorov’s property, in case strong mixing
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is equivalent to Kolmogorov’s property, Frigerio’s criteria is also necessary for
strong mixing. In this exposition we will show such equivalence if A0 is a type-I
von-Neumann algebra with center completely atomic. In particular strong mixing
and K-shift property are equivalent if A ¼ BðHÞ or A ¼ lNðSÞ; where S is a
countable set.
In Section 4, we explore further the faithful property of the invariant state and
consider the backward weak Markov process jbt as in [AM2] associated with a
canonical adjoint quantum dynamical semigroup ð*ttÞ: We also consider the
associated time reverse process ð *A; j˜ft ; j˜ bt ; F˜t	; F˜½t; *OÞ: There exists [AM2] an anti-
unitary operator U0 :H- *H which intertwines the forward weak Markov process
associated with ðttÞ to the backward weak Markov process associated with ð*ttÞ: In
particular we check that ergodicity, weak mixing and strong mixing properties are
time reversible. However Kolmogorov’s property seems to be delicate in the non-
commutative case.
We also ﬁnd that fxAA0 : *ttttðxÞ ¼ x; 8tX0g ¼ fxAA0 : ttðxÞ ¼ x; 8tX0g is a
sufﬁcient condition for weakn limit of ttðxÞ-EðxÞ; 8xAA0 as t-N: Same is true if
we interchange the role of ðttÞ with that of ð*ttÞ: This condition seems to be weaker
than that of Frigerio’s modiﬁed condition. In case modular automorphism group
associated with f0 commutes with the dynamics ðttÞ this sufﬁcient condition is
identical to that of the modiﬁed Frigerio’s condition. We ﬁnd this condition to be
useful with the following implications:
(A) We prove that strong mixing and K-shift properties are equivalent whenA0 is
a type-I von-Neumann algebra with center completely atomic. In such a case the
following are equivalent:
(1) fxAA0 : ttðxnÞttðxÞ ¼ ttðxnxÞ; ttðxÞttðxnÞ ¼ ttðxxnÞ; 8tX0g ¼ C;
(2) fxAA0 : *ttttðxÞ ¼ x; 8tX0g ¼ C;
(3) f0ðttðxÞttðyÞÞ-f0ðxÞf0ðyÞ as t-N for all x; yAA0:
Thus improved Frigerio’s sufﬁcient condition is also necessary in this case for strong
mixing, equivalently for Kolmogorov’s property.
(B) Inspired by seminal work [FG] we also introduce a notion of
‘quantum detailed balance’ and prove such an ergodic process is not only
strongly mixing but also satisﬁes Kolmogorov’s property. Thus once more we
found a quantum counter part of a well-known classical result which says
ergodicity and detailed balance give rise to a mixing system. Moreover, there
exists an anti-unitary operator R0 so that R0j
f
t R
n
0 ¼ jbt; 8 tAT and R0 j˜ bt Rn0 ¼
j˜ ft; 8tAT: Several model in quantum optics satisﬁes this detailed balance
condition. However, there are many interesting situation [Ze] which suggests
that the detailed balance condition for a Markov semigroup on quantum
spin chain is far from being understood and thus needs a better understand-
ing, where the Hamiltonian dynamics do not commute with the dissipative
dynamics.
We end this exposition with a short introduction to quantum mechanical master
equation and some implication of our results.
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2. Stationary weak Markov process and shift
A family ðtt; tX0Þ of one parameter completely positive maps on A0 with the
properties t0 ¼ I ; ts 3 tt ¼ tsþt; s; tX0 is called a quantum dynamical semigroup. If
ttðIÞ ¼ I ; tX0 it is called a Markov semigroup. We say a state f0 is invariant for ðttÞ
if f0ðttðxÞÞ ¼ f0ðxÞ 8tX0:
Let ðH0;A0; tt; tX0;f0Þ be a Markov semigroup and f0 be an ðttÞ-
invariant state on A0: We aim to recall from [AM2] the quadruple ðH;A; at;fÞ;
where H is a Hilbert space, A is a von-Neumann algebra acting on H; ðat; tARÞ
is a group of automorphism on A and f is a normal state so that diagram
(1.1) commutes. The construction goes along the line of Kolmogorov’s construction
of stationary Markov processes or Markov shift with a modiﬁcation [BP] which
takes care of the fact that A0 need not be a commutative algebra. Here we review
the construction given in [AM2] in order to ﬁx the notations and important
properties.
We consider the class M of A0 valued functions
%
x :R-A0 so that xraI for
ﬁnitely many points and equip with the point-wise multiplication ð
%
x
%
yÞr ¼ xryr: We
deﬁne the map L : ðM;MÞ-C by
Lð
%
x;
%
yÞ ¼ f0ðxnrntrn1rnðxnrn1ðyxnr2tr1r2ðxnr1yr1Þyr2Þyyrn1ÞyrnÞ; ð2:1Þ
where
%
r ¼ ðr1; r2;y; rnÞ r1pr2p?prn is the collection of points in R when
either
%
x or
%
y are not equal to I : That this kernel is well deﬁned follows from
our hypothesis that ttðIÞ ¼ I ; tX0 and the invariance of the state f0 for ðttÞ:
The complete positiveness of ðttÞ implies that the map L is a non-negative
deﬁnite form on M: Thus there exists a Hilbert space H and a map l :M-H
such that
/lð
%
xÞ; lð
%
yÞS ¼ Lð
%
x;
%
yÞ:
Often we will omit the symbol l to simplify our notations unless more than one such
maps are involved.
We use the symbol O for the unique element in H associated with
x ¼ ðxr ¼ I ; rARÞ and the associated vector state f on BðHÞ deﬁned by
fðX Þ ¼ /O; XOS:
For each tAR we deﬁne shift operator St :H-H by the following pre-
scription:
ðSt
%
xÞr ¼ xrþt: ð2:2Þ
It is simple to note that S ¼ ððSt; tARÞÞ is a unitary group of operators onH with
O as an invariant element.
For any tAR we set
Mt	 ¼ f
%
xAM; xr ¼ I 8r4tg
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and Ft	 for the projection onto Ht	; the closed linear span of flðMt	Þg: For any
xAA0 and tAR we also set elements itðxÞ;AM deﬁned by
itðxÞr ¼
x if r ¼ t;
I otherwise:
(
So the map Vþ :H0-H deﬁned by
Vþx ¼ i0ðxÞ
is an isometry of the GNS space fx :/x; ySf0 ¼ f0ðxnyÞg into H and a simple
computation shows that /y; VnþStVþxSf0 ¼ /y; ttðxÞSf0 : Hence,
P0t ¼ VnþStVþ; tX0;
where P0t x ¼ ttðxÞ is a contractive semigroup of operators on the GNS space
associated with f0:
We also note that itðxÞAMt	 and set *-homomorphisms j00 :A0-BðH0	Þ deﬁned
by
j00ðxÞ
%
y ¼ i0ðxÞ
%
y
for all
%
yAM0	: That it is well deﬁned follows from (2.1) once we verify that it
preserves the inner product whenever x is an isometry. For any arbitrary element we
extend by linearity. Now we deﬁne jf0 :A-BðHÞ by
jf0ðxÞ ¼ j00ðxÞF0	: ð2:3Þ
Thus jf0ðxÞ is a realization of A0 at time t ¼ 0 with jf0ðIÞ ¼ F0	: Now we use the
shift ðStÞ to obtain the process jf ¼ ðjft :A0-BðHÞ; tARÞ and forward ﬁltration
F ¼ ðFt	; tARÞ deﬁned by the following prescription:
jft ðxÞ ¼ Stjf0ðxÞSnt ; Ft	 ¼ StF0	Snt ; tAR: ð2:4Þ
So it follows by our construction that jfr1ðy1Þjfr2ðy2ÞyjfrnðynÞO ¼
%
y where yr ¼ yri ; if
r ¼ ri otherwise I ; ðr1pr2p?prnÞ: Thus O is a cyclic vector for the von-Neumann
algebra A generated by fjfrðxÞ; rAR; xAA0g: From (2.4) we also conclude that
StXS
n
tAA whenever XAA and thus we can set a family of automorphism ðatÞ onA
deﬁned by
atðX Þ ¼ StXSnt :
Since O is an invariant element for ðStÞ; f is an invariant state for ðatÞ: Now our aim
is to show that the reversible system ðA; at;fÞ satisﬁes (1.1) with j0 as deﬁned in
(2.4), for a suitable choice of E0	: To that end, for any element
%
xAM; we verify by the
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relation /
%
y; Ft	
%
x ¼ /
%
y;
%
xS for all
%
yAMt	 that
ðFt	
%
xÞr ¼
xr if rot;
trktðytrn1rn2ðtrnrn1ðxrnÞxrn1ÞyxtÞ if r ¼ t;
I if r4t;
8><
>:
where r1p?prkptp?prn is the support of
%
x: We also claim that
Fs	 jft ðxÞFs	 ¼ jfsðttsðxÞÞ 8spt: ð2:5Þ
For that purpose we choose any two elements
%
y; y0AlðMs	Þ and check the following
steps with the aid of (2.2):
/
%
y; Fs	 jft ðxÞFs	y0S ¼/
%
y; itðxÞy0S
¼/
%
y; isðttsðxÞÞy0ÞS:
Since lðMs	Þ spans Hs	 it complete the proof of our claim.
We also verify that /z; Vnþ j
f
t ðxÞVþySf0 ¼ f0ðznttðxÞyÞ; hence
Vnþ j
f
t ðxÞVþ ¼ ttðxÞ; 8tX0: ð2:6Þ
We summarize this construction in the following theorem.
Theorem 2.1. There exists a Hilbert space H and a group of unitary operators ðStÞ
with an invariant vector OAH so that
P0t ¼ VnþStVþ; tX0
and a triplet ðA; at;fÞ acting on H so that diagram (1.1) commutes with the
injective * homomorphism j
f
0 as described in (2.3) and the completely positive map
E0ðX Þ ¼ VnþXVþ:
3. Asymptotic behavior of the stationary weak Markov process and the shift
In this section, we investigate how various properties (ergodicity, weak mixing,
strong mixing, etc) of the system ðA0; tt;f0Þ is canonically related to that of the
minimal Markov shift ðH; St; Ft	Þ: To that end we ﬁrst introduce the following
deﬁnition.
An element yAA0 is said to be invariant for ðttÞ if ttðyÞ ¼ y for all tX0: Thus any
scaler multiple of the identity is an invariant element. We say ðttÞ is irreducible if
ttðpÞ ¼ p; tX0 for a projection pAA0 implies that p ¼ 0 or I :
For each ﬁxed tX0; following Evans [Ev], we deﬁne conjugate linear maps
Dt :A0 A0-A0 by Dtðy; y0Þ ¼ ttðyny0Þ  ttðynÞttðy0Þ: Complete positiveness (in
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fact 2-positive is enough) of the map tt and ttðIÞ ¼ I ensures that
ttðynÞttðyÞpttðynyÞ 8yAA0: ð3:1Þ
Thus (3.1) guarantees that Dt is a non-negative conjugate linear form and a simple
consequence of Cauchy–Schwartz inequality says that for all y0AA0; Dtðy; y0Þ ¼ 0
whenever Dtðy; yÞ ¼ 0: Now we conclude that ttðynyÞ ¼ yny and ttðyÞ ¼ y if and only
if ttðy0yÞ ¼ ttðy0Þy for all y0AA0: The last statement in particular implies that
N ¼ fy : ttðyÞ ¼ y; ttðynyÞ ¼ yny; ttðyynÞ ¼ yyn; tX0g ð3:2Þ
is a *-subalgebra and for any projection pAN; ttðpxÞ ¼ pttðxÞ: An element pAN is
said to be irreducible if there is no projection qAN such that 0oqop: The following
proposition is a simpliﬁcation of Evan’s [Ev] original work.
Proposition 3.1 (Evans [Ev]). ðttÞ is irreducible if and only if N ¼ C:
Proof. We show the non-trivial part of the proposition. Let yAN: Without loss of
generality we assume that yn ¼ y: From the relation ttðy0yÞ ¼ ttðy0Þy 8y0AA0; we
ﬁrst note that ttðynÞ ¼ yn for all nX1 (by induction). Since tt is a contraction onA0
we get ttðcðyÞÞ ¼ cðyÞ for all bounded continuous real valued functions on R: For a
bounded Borel measurable function c we choose two family cn;c
0
n of bounded
continuous functions so that cn;c
0
n-c pointwise and cnpcpc0n: By positiveness of
tt we have cnðyÞpttðcðyÞÞpc0nðyÞ for all nX1: Taking limit n-N we conclude that
ttðcðyÞÞ ¼ cðyÞ for all Borel measurable functions c on R: Since all invariant
projections are either 0 or 1; we conclude that the spectral family of y are trivial.
Hence y is a constant multiple of the identity. &
ðttÞ is said to be normal if for each tX0 the map y-ttðyÞ is normal, i.e. for any
increasing net ya; ttðlub yaÞ ¼ lub ttðyaÞ; where lub denotes the least upper bound. In
such a case it is simple to check that N is s-strong closed and thus N is a von-
Neumann algebra. A normal Markov ðtt; tX0Þ semigroup on A0 is said to be
weakn continuous if for each ﬁxed yAA0 the map t-ttðyÞ is continuous with respect
to the s-weak topology. In such a case there exists a unique contractive semigroup
ðstÞ on the Banach space of equivalence class of the trace class operators such that
trðstðrÞxÞ ¼ trðrttðxÞÞ 8tX0; xAA0; rAðA0Þ
*
: Now onwards we always assume
ðttÞ is weakn continuous. At this point we note that unlike strong continuity on a
Banach space, weakn continuity need not imply that the map ðt; yÞ-ttðyÞ is jointly
continuous, however the map is sequentially jointly continuous, i.e. tn-t and yn-y
in the weakn topology then ttnðynÞ-ttðyÞ in the weakn topology [AM1], which serves
our purpose for this exposition.
A normal state f0 is said to be invariant for ðttÞ if stðf0Þ ¼ f0 for all tX0: It is
well known that any Markov semigroup on a ﬁnite dimensional A0 admits an
invariant normal state. However for an inﬁnite dimensional algebraA0; a dynamical
system may not admit an invariant normal state. Thus, it remains an interesting open
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problem how to determine whether a given dynamical system admits a normal
invariant state. In a series of papers, Fagnola and Rebolledo [FR1,FR2] addressed
this problem when A0 ¼ BðH0Þ and found a sufﬁcient condition which guarantees
existence of an invariant normal state. In the following we also propose a simple
criteria for existence of an invariant normal state which seems to be another
sufﬁcient condition for existence of an invariant normal state.
Proposition 3.2. Let for a l40; the resolvent ðRlÞðrÞ ¼
RN
0 e
ltstðrÞ dt be a compact
operator on the Banach space A0
*
: Then ðttÞ admits a normal invariant state.
Proof. We ﬁx any normal state f on A0: Note that the family rðtÞ ¼
1
t
R t
0 ssðrÞ ds : tX0 is uniformly bounded. Thus by compactness of the resolvent we
infer that for any sequence tn-N; there exists a subsequence tnk so that Rlðrðtnk ÞÞ
converges in the Banach space norm topology. Now we use the fact that
Rl commutes with ðstÞ to conclude that the limiting state is an invariant state
for ðstÞ: &
If ðttÞ admits an invariant faithful state, it follows from (3.1) that xnx is an
invariant element if x is so. Thus in such a case N ¼ fxAA0; ttðxÞ ¼ x; tX0g
and there exists a norm one projection E on N so that weakn limit
l-0 l
RN
0
eltttðxÞ dt ¼ EðxÞ 8xAA0: For more details we refer to Frigerio [Fr].
In a recent paper Fagnola and Rebolledo [FR3], investigated when an invariant
normal state is faithful. In the following we review their work and aim to prove an
ergodic theorem for normal invariant state.
Following [FR3] we now say a positive xAA0 is sub-harmonic for ðttÞ if
ttðxÞXx 8tX0: In such a case ttðxÞ is an increasing positive operator with
ttðxÞpjjxjj1; thus the strong limit limittmN ttðxÞ exists and the limit is an invariant
element for ðttÞ: In the following we list few crucial property of sub-harmonic
projection.
Proposition 3.3. Let p be a sub-harmonic projection for ðttÞ: Then the following hold:
(a) for all tX0; pttðpÞ ¼ ttðpÞp ¼ p:
(b) ttðxð1 pÞÞp ¼ 0 for all xAA0; tX0:
Proof. For a quick veriﬁcation for (a) we note that pttðpÞpXp and also
pð1 ttðpÞÞpX0: Thus we have pð1 ttðpÞÞp ¼ p: Since 1 ttðpÞX0 we have
ð1 ttðpÞÞp ¼ 0: For (b) we consider the non-negative conjugate bilinear form
cðxn1ttðxn2y2Þy1Þ for a positive normal state and use once more Cauchy–Schwartz in-
equality to conclude that cðxn1ttððxn2ð1 pÞÞpÞ ¼ 0 for any x1; x2AA0 and tX0: &
For a projection p; Ap0 ¼ pA0p is a von-Neumann acting on the Hilbert subspace
pH0: Thus for a sub-harmonic projection p we verify by Proposition 3.3 that ðtpt Þ
deﬁned by tpt ðxÞ ¼ pttðxÞp; xAAp0 is a Markov semigroup. Let the strong limit
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ttðpÞmy as tmN: By Proposition 3.3. (a) we have py ¼ yp ¼ p; ppyp1 and ttðyÞ ¼
y 8tX0: Thus pttð1 y2Þp ¼ pttðpð1 y2ÞpÞp ¼ 0: So we also have pttðy2Þ ¼
ttðy2Þp ¼ p for all tX0: Since ttðpÞpttðy2ÞpttðyÞ ¼ y; the strong limit of ttðy2Þ as
t-N is also y: In case y2 is also an invariant element for ðttÞ; we have y2 ¼ y: In
general y2 need not be an invariant element even for an irreducible classical Markov
semigroup ðttÞ: In general y2 need not be an invariant element even for an irreducible
ðttÞ: We give a simple counter example in classical Markov chain in the following.
Consider three state discreet time Markov chain where two of it’s states are
absorbing and third state is a transient one with equal transition probability 1
2
to
those two absorbing state. The chain is irreducible in the sense of [Ev]. Indicator
function of an absorbing state is a sub-harmonic function for which y ¼ ð1; 0; 1
2
Þ or
y ¼ ð0; 1; 1
2
Þ depending on which indicator function we have taken as p:
Proposition 3.4. Let p be a sub-normal projection and y ¼ s lim ttðpÞ: Then for any
zABðH0Þ the following statements are equivalent:
(a) yz ¼ 0
(b) ttðpÞz ¼ 0 for all tX0:
Proof. That (b) implies (a) is obvious. For the converse, note that znttðpÞzpzyz ¼ 0
by (a), hence (c) follows. &
In case ðttÞ is the semigroup associated with a quantum mechanical Fokker–
Planck equation (see the last section), we will explore this explicit criteria further. In
the following we will investigate its implication. In case y ¼ 1 by Cauchy–Schwartz
inequality jcðttðð1 pÞxÞj2pcðttð1 pÞttð1 pÞÞcðxnxÞ for a normal state c; we
conclude that ttðð1 pÞxÞ-0 in the weakn topology as t-N for all xAA0:
We recall an interesting result from Fagnola–Rebolledo [FR3] in the following
proposition. This fact is also noted independently by Arveson [Ar].
Proposition 3.5 (Fagnola and Rebolledo [FR3]). Let f0 be an invariant normal state
on A0: Let p be the support of f0: Then p is sub-harmonic.
Proof. Since f0ðpð1 ttðpÞÞpÞ ¼ 1 1 ¼ 0 and p is the minimal projection we have
pð1 ttðpÞÞp ¼ 0: Since 1 ttðpÞX0; we conclude that ð1 ttðpÞÞp ¼ 0: Hence
ttðpÞ ¼ p þ p>ttðpÞp>Xp: &
The following result shows that faithfulness of the normal invariant state can be
removed for an von-Neumann–Frigerio type of ergodic theorem.
Theorem 3.6. Let f0 be an invariant normal state for ðttÞ which has support p
so that the strong limit mttðpÞ ¼ 1 as tmN: Then the following statements are
equivalent:
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(a) fpxp : pttðpxpÞp ¼ pxpg ¼ fzp : zACg;
(b) for all xAA0; l
R
eltpttðpxpÞp-f0ðxÞp in the weakn topology as l-0;
(c) for all xAA0; l
R
eltttðxÞ dt-f0ðxÞ1 in the weakn topology as l-0:
Proof. Since f0 restricted to A
p
0 is faithful, equivalence of (a) and (b)
follows by Theorem 2.1 in [Fr]. That (c) implies (b) is trivial. We are left
to show that (c) implies (b). Since ttðð1 pÞxÞ-0 as t-N; we need to
verify (c) for elements in A
p
0 only. To that end ﬁrst note that
ttþsðpxpÞ ¼ ttðptsðpxpÞpÞ þ ttðptsðpxpÞp>Þ þ ttðp>tsðpxpÞpÞ þ ttðp>tsðpxpÞp>Þ
and lim supl-0 jcðl
R
elsttþsðxÞ dsj is independent of t that we choose. On the
other hand limitt-N lim supl-0 jcðttðzlRlðpxpÞp>Þjplimitt-N jjxjj jjzjjcðttðp>ÞÞ
is zero for any zAA0: Hence (c) follows once we use (b) for pxp with f0ðxÞ ¼ 0:
The general result follows once we verify l
R
eltttðpÞ dt-1 as l-0 by our
hypothesis ttðpÞ-1: &
One more important point we note that for a sub-normal projection p for ðttÞ; if
the reduced dynamical system admits a normal invariant state f0 onA
p
0; then we can
extend (need note be unique) the state to be an invariant normal state for the entire
dynamics by f0ðxÞ ¼ f0ðpxpÞ: However, in case s limitt-N ttðpÞ ¼ 1 and the
reduced dynamics ðtpt Þ admits a faithful normal ergodic state then the extension to
A is unique. The conditions ttðpÞm1 is also necessary for ergodicity for the entire
system.
Now we ﬁx a normal Markov semigroup ðttÞ on A0 which admits a normal
invariant state and consider the Markov shift ðStÞ constructed on the minimal
Hilbert space H in Section 2. ðStÞ is strongly continuous once ðttÞ is continuous in
the weakn topology. Converse is also true provided f0 is faithful. For details we refer
to [AM2].
Proposition 3.7 (Accardi and Mohari [AM2]). Let ðttÞ be weakn continuous with a
normal invariant state f0: Then the following statements are equivalent:
(a) limitl-0 l
R
eltf0ðyttðxÞÞ dt ¼ f0ðxÞ1 for all x and yAA0;
(b) ðStÞ is ergodic, i.e. f f : Stf ¼ f 8tARg ¼ CO:
Proof. We refer once more to [AM2] for a proof.
We recall few more results from [AM2] in the following proposition:
Proposition 3.8. Let ðttÞ be s-weakly continuous dynamical semigroup with a normal
invariant state f0 and ðH; StÞ is the minimal Markov shift.
(i) The following statements are equivalent:
(a) For all h1; h2AH; limitT-N 1T
R T
0 j/h1; Sth2S/h1;OS/O; h2Sj dt ¼ 0:
(b) The spectrum of ðStÞ in the orthocomplement of CO is continuous.
(c) For all x; yAA0; limitT-N 1T
R T
0 jf0ðxttðyÞÞ  f0ðxÞf0ðyÞj dt ¼ 0:
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(ii) The following statements are equivalent:
(d) For all h1; h2AH; limitt-N /h1; Sth2S ¼ /h1;OS/O; h2S;
(e) For all x; yAA0; limitt-N f0ðxttðyÞÞ ¼ f0ðxÞf0ðyÞ:
(f) For any xAA0; weakn limit of j
f
t ðxÞ-f0ðxÞ as t-N:
Proof. For the proof once more we refer to [AM2].
We say ðA0; tt;f0Þ is weak mixing if (a) holds and strong mixing if (d) holds.
It is obvious that weak mixing implies ergodicity and strong mixing implies
weak mixing. A simple consequence of the spectral theorem and Riemann–
Lebesgue lemma implies strong mixing whenever the spectrum of ðStÞ in the
orthocomplement of CO is absolutely continuous. In general, it is rather hard to ﬁnd
a useful criteria for absolute continuity of the spectrum in the orthocomplement of
CO: On the other hand, it is still not clear even in the classical case whether, this is
also necessary [Pa]. At this point we also note that if f0 is also faithful, strong mixing
guarantees that weakn limit of ttðxÞ-f0ðxÞ as t-N for all xAA0: We postpone
this issue now.
Since Ft	 ¼ jtðIÞ; I  Ft	AA and ðI  Ft	ÞO ¼ 0; and thus O is not a separating
vector for A even if f0 is so. So the support of the state f on A is a proper
projection PfAA deﬁned by
Pf ¼ ½A0O	;
where A0 is the commutant of A: Since ðatÞ preserves A; we check also that ðatÞ
preservesA0 and thus Pf is an invariant element for at: Since Ft	O ¼ O and Ft	AA;
we check also that PfFt	X 0O ¼ Ft	PfX 0O ¼ X 0O: In other-words PfFt	 ¼ Ft	Pf ¼
Pf; tAR: Motivated by the well-known notion, Kolmogorov shift, in ergodic theory,
we introduce the following notion.
We say the minimal forward weak Markov process ðH; j ft ; Ft	; St;OÞ associated
with ðA0; tt;f0Þ is having Kolmogorov’s property on H if -tARFt	 ¼ CO: It is
obvious that Kolmogorov’s property implies that Pf ¼ jOS/Oj: In such a case
A ¼ BðHÞ: The following important proposition gives a criteria for Kolmogorov’s
property.
Theorem 3.9. Ft	-jOS/Oj as t-N if and only if
lim
t-N
f0ðttðxÞttðyÞÞ ¼ f0ðxÞf0ðyÞ 8x; yAA0:
In such a case the following hold:
(a) j
f
t ðxÞ-f0ðxÞjOS/Oj 8xAA0 in the weakn topology as t-N:
(b) atðXÞ-fðXÞ as t-N in the weakn topology for all XA
S
sARAs	:
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Proof. We need to show that limt-NFt	 ¼ jOS/Oj if and only if
limt-N f0ðttðxÞttðyÞÞ ¼ f0ðxÞf0ðyÞ 8x; yAA0: Since the family Ft	 is uniformly
norm bounded, limt-N Ft	 ¼ jOS/Oj if and only if
lim
t-N/ %
x; Ft	
%
yS ¼ /
%
x;OS/O;
%
yS:
The result follows once we note that for any ﬁx
%
x;
%
yAH if tpr1; r01; where r1; r01 are
the lowest support of
%
x and
%
y; respectively,
/
%
x; Ft	
%
yS ¼/Ft	
%
x; Ft	
%
yS
¼f0½ðtr1tðytrn1rn2ðtrnrn1ðxrnÞxrn1Þyxr1ÞÞn
tr0
1
tð:::tr0
m1r0m2ðtr0mr0m1ðyr0mÞyr0m1Þyyr01Þ	:
For (a) we also note that
/
%
x; j ft ðzÞ
%
yS ¼f0½ðtr1tðytrn1rn2ðtrnrn1ðxrnÞxrn1Þyxr1ÞÞn
ztr0
1
tðytr0
m1r0m2ðtr0mr0m1ðyr0mÞyr0m1Þyyr01Þ	
and for any x; y; zAA0 f0ðttðxÞzttðyÞÞ-f0ðxÞf0ðzÞf0ðyÞ as t-N: For (b) we claim
that
T
sARAs	 is von-Neumann algebra generated by jOS/Oj: Our claim follows
since for any such X we have Ft	XFt	 ¼ X for all tAR: Thus by taking limit t-N
we have X ¼ fðXÞjOS/Oj: We recall that for any s; tAR atðAs	Þ ¼Asþt	: Hence
once we ﬁx any XAAs by weak
n compactness of the unit ball inA we conclude that
the limit points as t diverges toN is equal to fðX ÞjOS/Oj: Since the limit point is
uniquely determined, the result follows. This complete the proof. &
One interesting feature appears in Theorem 3.9 that the two point correlation
fðatðXÞY Þ-fðX ÞfðYÞ as long as Y is an element in one of the local von-Neumann
algebras. This asymptotic abelianess holds good to the Cn algebra completion of the
* algebra
S
tARAt	: Since A ¼ BðHÞ and spectrum of H contains R we conclude
that the Cn algebra is strictly contained inA and asymptotic abelianess do not hold
for A:
By polarization identity, we check that ðttÞ is a K-shift if and only if
limt-N jjP0t xjj ¼ f0ðttðxnÞttðxÞÞ-0 for all xAA0 such that f0ðxÞ ¼ 0: Before we
start investigating this criteria further we note once more by Cauchy–Schwartz in-
equality that ðttÞ is strong mixing and fxAA0 : ttðxnÞttðxÞ ¼ ttðxnxÞ; 8tX0g is
trivial, i.e. fl1; lACg whenever ðH; Ft	; StÞ is a K-shift.
The following result shows why we need inﬁnite dimensional Hilbert space in
order to construct a strong mixing dynamical system which is not a K-shift.
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Corollary 3.10. Let the resolvent Rl ¼
RN
0 e
ltPt dt; l40; be a compact operator for
some l40: Then strong mixing Markov shift is also a K-shift.
Now we revisit Frigerio’s work [Fr] and aim to ﬁnd a sufﬁcient condition for
strong mixing. We set
F ¼ fx : ttðxnÞttðxÞ ¼ ttðxnxÞ; ttðxÞttðxnÞ ¼ ttðxxnÞ; 8tX0g: ð3:3Þ
We claim that F is a von-Neumann sub-algebra. To that end ﬁrst we note by 2-
positive ððttðxni xjÞÞÞXððttðxni ÞttðxjÞÞÞ where xi : i ¼ 1; 2 are any elements inA: Thus
for any tX0; by choosing x1 ¼ x and x2 ¼ y we conclude that
ttðxnyÞ ¼ ttðxnÞttðyÞ whenever ttðxnxÞ ¼ ttðxnÞttðxÞ: ð3:4Þ
Now it is a routine work to check thatF is a linear space and a *-algebra. That it is
a von-Neumann algebra follows by the normality of ðttÞ and (3.4).
Proposition 3.11 (Frigerio [Fr]). Let f0 be a faithful normal invariant state for ðttÞ: If
N ¼F then weakn  limitt-N ttðxÞ ¼ EðxÞ 8xAA; where E is the unique norm one
projection on N:
Proof. For any x; yAA; limitt-N f0ðDtðx; yÞÞ ¼ limitt-N /xo; ðI  Pnt PtÞyoS ¼
/xo; QyoS; where Q ¼ s  limt-N I  Pnt Pt: Thus f0ðDtðtsðxÞ; tsðyÞ ¼
f0ðDsðx; yÞÞ  f0ðDsþtðx; yÞÞ-0 as s-N: By Cauchy–Schwartz inequality we
conclude that jf0ðDtðtsðxÞ; yÞÞj2pf0ðDtðtsðxÞ; tsðxÞÞÞf0ðDtðy; yÞÞ-0 as s-N:
Thus for any weakn limit point xN as s-N of the norm bounded net ftsðxÞgs;
we have DtðxN; xNÞ ¼ 0: Since xnN is also a limit point of the norm bounded net
ftsðxnÞgs; we conclude that DtðxnN; xnNÞ ¼ 0 for all tX0: Thus xNAF: Since E is a
norm one projection onN; we have tsðxÞ ¼ EðxÞ þ ðI  EÞðtsðxÞÞ 8sX0: Thus any
limiting point xN satisﬁes xN ¼ EðxÞ þ ðI  EÞðxNÞ: If N ¼F; ðI  EÞðxNÞ ¼ 0;
so xN ¼ EðxÞ; which is uniquely determined. Since this holds for any weakn limit
point, the result follows by weakn compactness of the unit ball of A: &
The following theorem suggest that we can have mixing state which need not be
faithful.
Theorem 3.12. Let f0 be a normal invariant state for ðttÞ and p be the support
projection for f0 so that the strong limit of ttðpÞm1 as tmN: Then the following are
equivalent:
(a) for all xAA0; pttðpxpÞp-f0ðxÞp in the weakn topology as t-N;
(b) for all xAA0; ttðxÞ-f0ðxÞ1 in the weakn topology as t-N:
Proof. Since ttðð1 pÞxÞ-0 in the weakn topology, it is good enough if we verify
that (a) is equivalent to ttðpxpÞ-f0ðxÞ1 in the weakn topology as t-N: To that
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end we ﬁrst note that lim supt-N jcðtsþtðxÞÞj is independent of sX0 we choose.
On the other hand we write tsþtðpxpÞ ¼ tsðpttðpxpÞpÞ þ tsðpttðpxpÞp>Þ þ
ttðp>tsðpxpÞpÞ þ tsðp>ttðpxpÞp>Þ and use the fact for any normal state c we have
lim supt-N jcðtsðzttðpxpÞp>Þjpjjxjj jjzjj jcðtsðp>ÞÞj for all z; xAA0: Thus by our
hypothesis on the support and Proposition 3.11 we conclude that
lim supt-N jcðttðpxpÞÞj ¼ 0 for all x for which f0ðxÞ ¼ 0: For the general case,
we use the identity cðttðpxpÞÞ ¼ cðttðpðx  f0ðxÞÞpÞ þ f0ðxÞcðttðpÞÞ and our
hypothesis ttðpÞm1 as t-N: &
4. Time reverse weak Markov process and Quantum detailed balance
Following [AM2], we will consider the time reverse process associated with the
KMS-adjoint (or Petz-adjoint) quantum dynamical semigroup ðA; *tt;f0Þ: We aim
to investigate how far various properties of the dynamical semigroup are time
reversible. First we recall from [AM2] time reverse process associated with the KMS-
adjoint semigroup in the following paragraph.
Let f0 be a faithful state and without loss of generality let also ðA0;f0Þ be in the
standard form ðA0; J;P;o0Þ [BR] where o0AH0; a cyclic and separating vector for
A0; so that f0ðxÞ ¼ /o0; xo0S and the closer of the close-able operator
S0 : xo0-xno0; S possesses a polar decomposition S ¼ JD1=2 with the self-dual
positive cone P as the closure of fJxJxo0 : xAA0g in H0: Tomita’s [BR] theorem
says that DitA0Dit ¼A0; tAR and JA0J ¼A00; where A00 is the commutant of
A0: We deﬁne the modular automorphism group s ¼ ðst; tARÞ on A0 by
stðxÞ ¼ DitxDit:
Furthermore for any normal state c onA0 there exists a unique vector zAP so that
cðxÞ ¼ /z; xzS:
We consider the unique Markov semigroup ðt0tÞ on the commutant A00 of A0 so
that fðttðxÞyÞ ¼ fðxt0tðyÞÞ for all xAA0 and yAA00: We deﬁne weakn continuous
Markov semigroup ð*ttÞ on A0 by *ttðxÞ ¼ Jt0tðJxJÞJ: Thus, we have the following
adjoint relation:
f0ðs1=2ðxÞttðyÞÞ ¼ f0ð*ttðxÞs1=2ðyÞÞ ð4:1Þ
for all x; yAA0; analytic elements for ðstÞ: One can as well describe the adjoint
semigroup as Hilbert space adjoint of a one parameter contractive semigroup ðPtÞ
on a Hilbert space deﬁned by Pt : D1=4xo0 ¼ D1=4ttðxÞo0: For more details we
refer to [Ci].
Once f0 is also faithful, there exists also a unique backward weak Markov process
ðjbt Þ which generalizes Tomita’s representation and a family of projections F½t : tAR
so that
F½sjbt ðxÞF½s ¼ jbs ð*tstðxÞÞ
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for NotpsoN: For more details and the following result we refer
to [AM2].
Theorem 4.1 (Accardi and Mohari [AM2]). We consider the weak Markov
processes ðA;H; Ft	; F½t; St; jft ; jbt tAR;OÞ associated with ðA0; tt; tX0;f0Þ and
the weak Markov processes ð *A; *H; F˜t	; F˜½t; S˜t; j˜ft ; j˜ bt ; tAR; *OÞ associated with
ðA0; *tt; tX0;f0Þ: There exists an unique anti-unitary operator U0 :H- *H
so that
(a) U0O ¼ *O;
(b) U0StU
n
0 ¼ S˜t for all tAR;
(c) U0 j
f
t ðxÞUn0 ¼ j˜ btðxÞ; U0 jbt ðxÞUn0 ¼ j˜ ftðxÞ for all tAR;
(d) U0Ft	Un0 ¼ F˜½t; U0F½tUn0 ¼ F˜t	 for all tAR:
A simple corollary of Theorem 4.1 is the following result.
Corollary 4.2. ð *H; S˜t; F˜t	Þ is a K-shift if and only if f0ð*ttðxÞ*ttðyÞÞ-f0ðxÞf0ðyÞ as
t-N: In other words
T
tAR F½t ¼ jOS/Oj if and only if f0ð*ttðxÞ*ttðyÞÞ-f0ðxÞf0ðyÞ
as t-N:
So it is now simple to verify directly by Theorem 4.1 that ergodicity, weak-
mixing, strong mixing are time reversible. It is not very transparent whether
the same fact holds also for K-shift property. In the classical case [Pa] this
property is well known to be equivalent to strictly positive dynamical entropy hðy; zÞ
of the shift y for any non-trivial partition z of the measure space. Since hðy; zÞ ¼
hðy1; zÞ we conclude that K-shift property is also time reversible. However, such a
notion and result in the general case is still missing [OP]. We conjecture the
following.
Conjecture 4.3.
T
tAR Ft	 ¼ jOS/Oj if and only if
T
tAR F½t ¼ jOS/Oj:
We will verify this conjecture with an afﬁrmative answer when A0 ¼ BðH0Þ;
algebra of all bounded operators, more general case will include type-I von-
Neumann algebra with center completely atomic.
Before we proceed we ﬁnd an alternative criteria for strong mixing in the following
theorem. To that end we introduce G ¼ fxAA0 : *ttttðxÞ ¼ x; tX0g:
Theorem 4.4. Let ðA0; tt;f0Þ is a quantum dynamical system with f0; a faithful
normal invariant state for ðttÞ: If N ¼ G then weakn limitt-N ttðxÞ ¼ EðxÞ:
Proof. In spirit proof is similar to that of Proposition 3.11. We consider the bilinear
form dtðx; yÞ ¼ f0ðxnJyJÞ  f0ðttðxnÞJttðyÞJÞ tX0: That dtðx; xÞX0 follows from
the unital positive property of tt: Also note that dtðtsðxÞ; tsðyÞÞ ¼ dsðx; yÞ  dsþtðx; yÞ:
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Thus dtðx; xÞ is monotonically increasing and bounded above by f0ðJxnJxÞ: So
along the line of Proposition 3.11 we conclude that any weakn limit point of the net
fttðxÞg as t-N will be an element say xN satisfying dtðxN; xNÞ ¼ 0 for all tX0: By
Cauchy–Schwartz inequality dtðx; xÞ ¼ 0 if and only if dtðx; yÞ ¼ 0 for all yAA i.e.
f0ð*ttttðxÞJyJÞ ¼ f0ðxJyJÞ for all yAA0: Thus xNAG which is same as N by our
hypothesis. Since ttðxÞ ¼ EðttðxÞÞ þ ðI  EÞðttðxÞÞ and EðttðxÞÞ ¼ ttðEðxÞÞ ¼ EðxÞ
we conclude that xN ¼ EðxÞ: Thus the result follows from weakn compactness of the
unit ball. &
One natural question whether the sufﬁcient condition in Theorem 4.4 is really
different from Frigerio’s criteria. By (3.1) we note that jj*ttttðxÞo0jjpjjttðxÞo0jj for
all xAA0; thus GCF: Since NCG we conclude that Frigerio’s condition F ¼N
also guarantees that G ¼N: It is not clear whether the reverse inclusion is true.
However, in case modular automorphism commutes with the Markov semigroup
then [FG] f0ðttðxÞttðyÞÞ ¼ f0ðx*ttttðyÞÞ for any x; yAA0; henceF ¼ G: Since strong
mixing property is time reversible, we also get sufﬁcient conditions *F ¼N or *G ¼
N (note that *N ¼N) associated with the adjoint Markov semigroup ð*ttÞ for
strong mixing. Once more it is not resolved whether F ¼ *F or G ¼ *G: However,
the following proposition indicates that they are essentially same. To that
end we introduce Gs ¼ fx : *ttðttðxÞÞ ¼ x; sXtX0g and Fs ¼ fx: ttðxnÞttðxÞ ¼
ttðxnxÞ; ttðxÞttðxnÞ ¼ ttðxxnÞ; 0ptpsg for each s40:
Proposition 4.5. For each 0os; Gs ¼N if and only if for each 0os; *Gs ¼N: Same
hold for F:
Proof. SinceNCGs; we only need to show *GsCN if Gs ¼N for each s40: So we
ﬁx s40 and let xA *Gs: So *ttttðxÞ ¼ x; 0ptps: Hence tt *ttðyÞ ¼ y where y ¼ ttðxÞ:
Since f0ð*ttðzÞJ *ttðzÞJÞ is a monotonically decreasing function for any zAA0 we
conclude that f0ð*trðyÞJ *trðyÞÞ ¼ f0ðyJyJÞ for 0prpt; thus we have ttðxÞAGt: Thus
we have ttðxÞAN for all t40: Now taking limit t-0; we conclude the required
result. We omit the proof for F: &
Proposition 4.6. Let ðA0; tt;f0Þ be a quantum dynamical semigroup with a faithful
normal state f0: Then f0ðttðxÞttðyÞÞ-f0ðxÞf0ðyÞ 8x; yAA0 as t-N if and only if
f0ðJttðxÞJttðyÞÞ-f0ðxÞf0ðyÞ 8x; yAA0 as t-N:
Proof. Since J is an anti-unitary operator, in particular contraction, thus
‘only if part’ is obvious. For the converse statement, ﬁrst note that
D1=4jttðxÞo0S-f0ðxÞjo0S strongly as t-N: Now we use the fact that D is a
closed operator to conclude that JD1=2jttðxÞo0S-f0ðxÞjo0Sj strongly as t-N:
But JD1=2jttðxÞo0 ¼ jttðxnÞo0S; so the proof is now completed. &
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Theorem 4.7. Let A be a von-Neumann algebra of type-I with center completely
atomic. Then strong mixing and K-shift properties are equivalent. In such a case (in
particular A0 ¼ BðHÞ) the following statements are equivalent:
(a) For any normal state c; ctt-f0 strongly as t-N;
(b) F is trivial,
(c) fxAA0 : *ttttðxÞ ¼ x; tX0g is trivial.
Proof. By Proposition 4.6 we only need to show that f0ðJttðxÞJttðyÞÞ-f0ðxÞf0ðyÞ
for all x; yAA as t-N whenever it is mixing, i.e. ttðxÞ-f0ðxÞ as t-N in the
weakn topology. Since any element can be expressed as linear combination
of four non-negative elements, we assume without loss of generality that xX0 and
f0ðxÞ ¼ 1: For such a choice we note that ftðyÞ ¼ f0ðJttðxÞJyÞ yAA is a normal
state on A0 for each tX0: By strong mixing ft-f0 weakly. Now we use our
hypothesis that A0 is type-I with center completely atomic to conclude by a
theorem [De] that jjft  f0jj1-0 as t-N: The result that strong mixing implies
(a) follows from the inequality jðft  f0ÞðttðyÞÞjpjjft  f0jj1jjyjj: Thus (b) or (c)
implies (a). Since GCF; (b) implies (c) in general. Since (a) says that
f0ðttðxÞttðyÞÞ-f0ðxÞf0ðxÞ; we have in particular fx : ttðxnÞttðxÞ ¼ ttðxnxÞg ¼ C;
thus (a) implies (b). &
In the proof of Theorem 4.4 we checked that limitt-N f0ðJyJ *ttðttðxÞÞÞ exists, in
fact the limiting value for any xX0 is less than jjxjjf0ðJyJÞ for any yX0: Thus there
exists an element EðxÞAA so that weakn limitt-N *ttttðxÞ ¼ EðxÞ 8 xAA: It is clear
that E is a completely positive unital map so that f0ðJEðyÞJxÞ ¼ f0ðJyJEðxÞ and
*ttEttðxÞ ¼ E: However, it is not clear whether E2 ¼ E; i.e. a projection in general. In
case ðttÞ commutes with ð*ttÞ then E commutes with ðttÞ and as well with ð*ttÞ; thus by
taking limit as t-N in second identity we get E2 ¼ E: Thus in such a case if
N ¼ fx : *ttttðxÞ ¼ x : tX0g we conclude that E ¼ E: So we have completed the
proof of the following corollary.
Corollary 4.8. Let ðttÞ commutes with ð*ttÞ: If N ¼ fx : *ttttðxÞ ¼ x; tX0g then
f0ðttðxÞttðyÞÞ-f0ðxEðyÞÞ as t-N:
Following [FG,FGKV] we say the system ðA0; tt;f0Þ is normal if ðttÞ commutes with
ð*ttÞ and is in detailed balance if further *LðxÞ LðxÞ ¼ 2i½H; x	 on a weakn dense
subalgebra ofA0; where H is a self-adjoint operator so that atðxÞ ¼ eitHxeitH is an auto-
morphism onA0 andL; *L are the generators for ðttÞ; ð*ttÞ; respectively. In such a case
ðttÞ commutes with ðatÞ: In the following we investigate results in Theorem 4.1 further.
Theorem 4.9. Let ðttÞ be in detailed balance with respect to a faithful normal state f0:
Then there exists a unique unitary operator V0 :H- *H so that
(a) V0 :O ¼ *O;
(b) V0Ft	Vn0 ¼ F˜t	; V0F½tVn0 ¼ F˜½t for tAR;
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(c) V0StV
n
0 ¼ S˜t tAR;
(d) V0j
f
t ðatðxÞÞVn0 ¼ j˜ ft ðatðxÞÞ;
(e) R˜0F˜t	R˜n0 ¼ F˜½t and R0F½tRn0 ¼ F½t where R0 ¼ Un0 V0 and R˜0 ¼ U0Vn0 :
Proof. Since ttat ¼ *ttat for all tX0 and ðatÞ commutes with both the semigroup ðttÞ
and ð*ttÞ by (2.2) we check that (we denote by j ¼ jf and j˜ ¼ j˜ f )
V0 : jt1ðat1ðx1ÞÞyjtnðatnðxnÞÞO ¼ j˜t1ðat1ðx1ÞÞj˜t2yj˜tnðatnðxnÞÞ *O
is indeed an isometry on total sets generated by the cyclic vectors. Hence V0
has a unique extension to H- *H: That V0 satisﬁes (a)–(e) are now routine
work. Uniqueness follows by the cyclic property of the vectors O for H and *O
for *H: &
5. Quantum mechanical master equation
We say a normal Markov semigroup ðttÞ on A0 is norm continuous [Da1] if
limitt-0 jjtt  I jj ¼ 0: In such a case the generator L is a bounded operator on A
and can be described [CE,GKS,Li] by
LðxÞ ¼ Ynx þ xY þ
X
kX1
LnkxLk; ð5:1Þ
where YAA0 is the generator of a norm continuous contractive semigroup on H0
and Lk; kX1 is a family of bounded operators so that
P
k L
n
kxLkAA0; whenever
xAA0: However this choice ðY ; Lk; kX1Þ is not unique. Conversely, for any such a
family ðY ; LkÞ with YAA0 and LkxLnkAA0; 8xAA0; there exists a unique Markov
semigroup ðttÞ with L as its generator. There are many methods to show the
existence of a Markov semigroup ðttÞ with L as it’s generator [CF,Da3,MS]. Here
we describe one such a method [CF].
We consider the following iterated equation:
t0t ðxÞ ¼ etY
n
xetY ; ð5:2Þ
tðnÞt ðxÞ ¼ etY
n
xetY þ
Z t
0
eðtsÞY
n
Fðtðn1Þs ðxÞÞeðtsÞY ds; nX1; ð5:3Þ
where FðxÞ ¼Pk LnkxLk: It is simple to check for xX0 that
0ptn1t ðxÞptnt ðxÞpjjxjj I ; 8tX0
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Thus we set for xX0; ttðxÞ ¼ limitn-N tðnÞt ðxÞ in the weakn topology. For an
arbitrary element we extend it by linearity. Thus, we have
ttðxÞ ¼ etY nxetY þ
Z t
0
eðtsÞY
n
FðtsðxÞÞeðtsÞY ds ð5:4Þ
for any xAA0:
In such a case [Ev], it is simple to check that N is trivial if and only if
fxAA0 : ½x; H	 ¼ 0; ½x; Lk	 ¼ 0 8kX1g is trivial.
The following simple but important result due to Fagnola–Rebolledo [FR3].
Theorem 5.1. A projection p is sub-harmonic if and only if ð1 pÞYp ¼ 0 and
ð1 pÞLkp ¼ 0 for all 1pkpN:
Proof. For a proof and a more general result we refer to [FR3]. &
Theorem 5.2. Let p be a sub-harmonic projection and y ¼ s limt-N ttðpÞ: For any
zABðH0Þ following are equivalent:
(a) yz ¼ 0 ,
(b) pz ¼ 0; pLi1Li2yLin z ¼ 0 for all 0pimoN; 1pmpn and nX1; where L0 ¼ Y :
Proof. yz ¼ 0 if and only if znttðpÞz ¼ 0 for all tX0: Now by (5.2) we have
znttðpÞz ¼ 0 if and only if znetYnpetY z ¼ 0 and znFðttðpÞÞz ¼ 0 for tX0: Thus we
have petY z ¼ 0 and also znFðttðpÞÞz ¼ 0 for all t: Thus in particular we have
znFðpÞz ¼ 0; hence pLkz ¼ 0 for all kX0: We go now by induction on n; we check if
z0 ¼ pLi1Li2yLin z then yz0 ¼ z0 thus (a) implies (b). For the converse statement, we
check that derivative of any order at t ¼ 0 of znttðpÞz vanishes, thus constant which
is zero. &
Thus the zero operator is the only element z that satisﬁes (b) if and only if the
closure of the range of y is the entire Hilbert space. Thus p together with Lni1L
n
i2
yLnin p
where 0pimpN; 1pmpn and nX1 will generate the Hilbert space if and only if y is
one to one. In particular, we ﬁnd this property is a necessary condition for y to be 1:
In general the condition is not a sufﬁcient one. Once more one can construct a
counter example in birth and death processes where no population is an absorbing
state and birth and death rates are such that the population will extinct with positive
probability but need not be 1: We omit the details. However it seems reasonable to
ask whether this condition is sufﬁcient for ﬁnite dimensional Hilbert space H0:
Now onwards we assume that f0 is faithful. Many important class of example
[AM2,FR3,Fr,MS,Ze] do admit a faithful normal invariant state. We check that
FsCfxAA0 : ½Lk; x	 ¼ ½Lk; xn	 ¼ 0; kX1g and moreover equality hold if
fxAA0 : ½Lk; x	 ¼ ½Lk; xn	 ¼ 0g is invariant by ðttÞ:
In case ðttÞ is only weakn continuous, the problem in it’s complete generality is
open. For an application to diffusion processes we refer to [Mo]. However, a suitable
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modiﬁcation of the method outlined above or a perturbation method can be
employed for ðY ; LkÞ unbounded when A0 ¼ BðH0Þ: To that end we assume
[CF,Da3,MS] the following:
(a) ðY ; DðYÞ is the generator of a strongly continuous semigroup with domain
DðY Þ;
(b) Lk are closed operator with domains DðLkÞCDðYÞ so that for f ; gADðYÞ
/f ; YgSþ/Yf ; gSþ
X
k
/Lkf ; LkgS ¼ 0;
(c) C ¼ fxABðH0Þ :/f ; xYgSþ/Yf ; xgSþ
P
k /Lkf ; xLkgS ¼ /f ; xgSg
Theorem 5.3. There exists a unique weakn continuous Markov semigroup ðttÞ on
BðH0Þ with the generator L given by /f ;LðxÞgS ¼ /f ; xYgSþ/Yf ; xgSþP
k /Lkf ; xLkgS for all f ; gADðYÞ: Moreover, the domain of L contains the
dense *-algebra fðl Y nÞ1xðm YÞ1 : xABðH0Þ; l; m40g: In such a case
FCfxABðHÞ: ½Lk; RlðxÞ	 ¼ 0; l40; 1pkoNg:
Proof. Let xAF: We ﬁrst check that ttðxÞAF; thus RlðxÞAF: So RlðxÞADðLÞ;
the domain of L and as well an element in F: Hence LðRlðxÞÞy þ xLðRlðyÞÞ ¼
LðRlðxÞRlðyÞÞ for any x; yAF: From the explicit relation we ﬁnd that
/f ; ½RlðxÞ; Lk	n½RlðxÞ; Lk	gS ¼ 0 for f ; gADðY Þ and kX1: In other words
½RlðxÞ; Lk	 ¼ 0 has a bounded extension and it’s value is zero for each l40: &
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